We show that the multi-boson KP hierarchies possess a class of discrete symmetries linking them to the discrete Toda systems. These discrete symmetries are generated by the similarity transformation of the corresponding Lax operator. This establishes a canonical nature of the discrete transformations. The spectral equation, which defines both the lattice system and the corresponding Lax operator, plays a key role in determining pertinent symmetry structure.
Introduction
Two-boson Lax operator emerged naturally as an operator defining closed subspace of the space dual to the differential operators [1] and was studied first (mostly in its quasiclassical limit) in connection with an hierarchy of Benney equations [2, 3] . More recently the two-boson hierarchy appeared in connection with W-infinity algebras, CAT model and one-matrix models [4, 5, 6, 7] . A study of Adler-Kostant-Symes (AKS) approach to various integrable models of the KP type revealed existence of the four-boson KP hierarchy which via symplectic Miura-like gauge transformation formed another representation of W 1+∞ algebra [8] . Both two-and four-boson representations were consistent reductions of the full KP hierarchy understood as coadjoint orbit system within AKS scheme [8] . Investigations of the multi-matrix models and corresponding Toda hierarchy led to a class of the pseudodifferental operators [9, 10] , which although formally generalized two-and four boson systems contained an arbitrary even number of fields, and did not arise as a finite orbit within the AKS scheme. Their status as a consistent hamiltonian reduction of the full KP hierarchy was established in [11] , where the structure of their first Poisson bracket was found.
Recently, it was pointed out that the continuous two-boson KP hierarchy possesses a class of discrete canonical symmetries [12] . The symmetry transformations were found to be associated with the translational shift on the corresponding Toda lattice [12, 13] . Also, it was shown how due to the presence of this symmetry one can construct the site functions of the lattice model as gauge copies of the continuous KP model. In this letter the canonical nature of the discrete symmetry for a wide class of multi-boson KP hierarchies is being explained as we show that the discrete symmetries are generated by the similarity transformations of the Lax operator.
We discuss the link between discrete and continuous model by means of the linear spectral equation. The symmetries of the integrable model can be associated to transformations which keep the eigenvalue of the spectral equations invariant. In cases where the spectral equation allows the finer lattice structure, which we call a "square-lattice", we find additional symmetries; so-called generalized Bäcklund transformations. These transformations operate on a new class of multi-boson pseudo-differential operators, which generalize Volterra lattice known for the two-boson case.
From Continuum KP Multi-boson systems to Generalized Toda Chains via Similarity Transformations
Here we construct the lattice system with lattice shifting generated by the similarity transformation acting on the continuous Lax of the type:
for any finite integer N ≥ 1. Introduce S 0 N ≡ S N + ∂ ln a N and consider the following transformation of (1):
Using obvious identities (∂ − φ)(∂ − ψ)
−1 φ we find:
which again has a form of (1):
with
we will see below connection to the multi-boson Toda type lattice, where transformation (5)- (8) will find realization as a shift of the Toda lattice. In reference [11] it was shown that the Lax operators (1) are consistent Poisson reductions of the general KP Lax operator and have their first bracket structure given by:
Since the transformed Lax (4) is of the same form as (1) it should obey (9) as well. This establishes symplectic character of the similarity transformation (2) with respect to the first Poisson bracket structure. Moreover both systems are consistent AKS systems as reductions of the full KP hierarchy. Accordingly their common set of Hamiltonians are in involution, which ensures integrability of both systems. Furthermore invariance of the higher bracket follows by application of the Lenard relations. Note, that the transformation (2) can also be written as
Symmetries of the Linear Spectral System.
The idea here is to look for symmetries of the spectral system defined by two equations:
where
To obtain (12) we used an inverted version of (10):
Symmetries: We now define as symmetry of the system (10)- (11) any transformation which leaves the eigenvalue λ invariant. The reason is that then Tr(L n ) would be unchanged too (for the appropriate definition of trace).
One finds two classes of symmetry transformations. Discrete Symmetry: Since from (11) we also have: λΨ n+1 = L n+1 Ψ n+1 , thus the transformation n → n + 1 does not change the eigenvalue λ. Combining with (10) and (11) we find
So, the Lax at different sites are related by a similarity transformation:
Since the Lax operators at different sites are connected via similarity transformation, the Hamiltonians calculated by Adler trace are the same! Moreover the consistency of (10)- (11) requires a 0 (n) = a 0 (n − N) + ∂ ln a N (n), which establishes a link with result of the previous section.
determines another symmetry of the system given by (10)-(11) (see [8] for discussion of its symplectic character).
Example. Four-boson system. We now focus on four-boson Lax operator as described by Bonora-Xiong (BX) in [9] :
where ∂ = ∂/∂t 1,1 . A partial derivative with respect to another time direction t q,1 is denoted by∂ ≡ ∂/∂t q,1 . According to BX L n is obtained from t 1,1 flow of Ψ n together with spectral equations (18) and (20):
Let us now discuss consequences of (18)- (20) being a consistent set of equations with ∂λ = 0. Consistency of (18) and (20) yields the following evolution equations in t 1,1 :
while for the flows in t q,1 we get from requiring consistency of (19)- (20):
(the last equation in (25) is a condition and not evolution equation because a 3 is absent in this system). On top of this there is an evolution equation for R n , which follows from consistency of (18)- (19):
with this equation R n satisfies the 2-dimensional Toda lattice equation as shown in [9] . Solution to the last equation in (25) is a 2 (n) = R n R n−1 which not only satisfies this equation but is also consistent with remaining equation in (23) and also (26).
To see better what is happening let us for the moment go back to the simpler case of the two-boson system. Since there a 2 = 0 eq.(25) forces R n = a 1 (n) and with this we are left with two modes a 0 and a 1 . Furthermore two set of evolution equations become equal and we effectively have one flow parameter t 1,1 = t q,1 . The remaining two evolution equations define the shift which turns out to be a canonical symmetry of the two-boson KP system. More explicit we have a two-boson Lax:
and the symmetry operations:
which become a G −1 symmetry transformation
valid for 2-boson systems as found in [12] when we identify J = −a 0 (n − 1),J = a 1 (n). We deal with system defined by a 2 , a 1 , a 0 modes treating a 0 (n−1) ≡ S 1 (n) and
n as different modes and hence we find:
We now associate to L
and associate the discrete shifts from (31)-(34) to the following symmetry operations of continuous variables:
which is a special case of (5)- (8) . An explicit calculation verified that both first and second bracket structures are invariant in agreement with our general proposition proved in sect.
2. Accordingly, due to theorem from [12] this establishes (36)-(37) as a canonical mapping, leaving invariant in form all bracket structures. General case: For N-bose model we have correspondingly a N (n) = R n R n−1 · · · R n−N +1 with evolution equations:
and
enter the system together with a 1 (n), a 2 (n), . . . , a N (n) as independent modes. These equations translate to the following discrete symmetry pattern:
which agree with (5)- (8) for the variables appearing in the continuous Lax operator (1).
Multi-Boson Lattice Systems and the Bäcklund Transformations.
Recall first the canonical Toda Hamiltonian:
where we have introduced S n = P n = ∂ t Q n and R n = exp(Q n − Q n−1 ) on the right hand side of (44). With the canonical relation { P n , Q m } = δ n,m the Toda equations of motion are in terms of S n , R n :
These equations can also be obtained as a consistency of the spectral system (f.i. [14] )
which is a special two-boson case of the system (10)- (11) . We now introduce an useful concept of a square-lattice. Let us introduce in addition to Ψ n "living" on integer lattice an extra wave function Ψ n+ 1 2 defined on half-integer lattice. We can now define a "square-root" of (47) by
One notices an obvious symmetry, which we here call a g-symmetry, connecting both equations of (48):
Introducing a new lattice system through V 2n = B n , V 2n−1 = A n and Φ 2n = Ψ n ,
we can rewrite (48) as
By adding the time evolution equation:
we find that a consistency condition for the last two equations takes a form of the Volterra equation:
and notice that the g-symmetry becomes g (V n ) = V n+1 and g (Φ n ) = Φ n+1 . Combining both equations of (48) we get:
First, comparing (53) and (54) with (47) and taking into account (49) we arrive at:
where the quantities S n = P n = ∂ t Q n and R n = exp( Q n − Q n−1 ) define another Toda system. Toda equations of motion (45) agree now with the Volterra equations written in components:
We will now determine Volterra variables in terms of canonical variables of the two-boson Toda systems. Consider
from which we find B n = −e Qn− Q n−1 /A with A being a constant. Similarly from R n − R n−1 = A n (B n − B n−1 ) we get A n = −A exp Q n−1 − Q n−1 . Now we can comment on connection to a Bäcklund transformation [15, 16] . Define a generating function W (Q, Q) = n A n + B n + const.( Q n − Q n ) . The corresponding canonical transformation is: P n = ∂W ∂Qn and P n = − ∂W ∂ Qn and transforms the Hamiltonian (44) to H T Q, P = H T (Q, P ) + constant. Therefore as a part of equations of motion we have P n = ∂ t Q n and the above canonical transformations yield
A These equations are identical to (56). On the other hand they transform a solution Q(t) to another solution Q(t). This transformation is known as a Bäcklund transformation and we find that it is equivalent to Volterra equations (56) and have therefore an origin in existence of the square-lattice. The discrete g-symmetry for the system in (56) is given by (49) and corresponds to S n , R n → S n , R n as seen from (55). Two successive Bäcklund transformations (i.e. g
2 ) amount to S n , R n → S n+1 , R n+1 , i.e. shift by the original lattice spacing of the Toda lattice.
The challenge is now to find a square-lattice (Bäcklund transformation) for the multiboson KP system. This will be done below.
g-symmetry as a similarity transformation Let us go back to the time evolution equation (51) rewriting it in components as:
With these equations we can now rewrite the "square-root" spectral equations (48) as:
If we now write (59) for n + 1 and use (58) to go back to n we find the following relations
Combining two equations in (59) we find
n Ψ n (62) using (60) and an identity (∂ − ψ)
which for B n = and A n =  agree with the Lax operator of the two-boson hierarchy from [4] . L (2) n is equal to the Lax we have seen in the Toda section up to a simple phase transformation [17] . Similarly we find repeating analogous steps
with L
n being equal (after use of (61)) to:
n . To express this relation in form of the similarity relation let us go back to λΨ n = L (2) n Ψ n and rewrite it using (59) as
from which we find:
which is easy to verify directly using (60) and (61). Similarly we find
In the compact notation we have:
Multi-boson Volterra System. We now define a general multi-boson Volterra system by the spectral equations:
with the component identification V
Rewriting (72) in components and taking their combination we arrive at the corresponding Toda lattice equation for 2N + 2 Toda site functions
Note the number of the Toda site functions a 0 , a 1 , . . . , a 2N +1 defined by the above equation has to be even in order for the system to possess the full Bäcklund symmetry. One finds now the general Lax to be:
where Ω n is defined by λ 1/2 Φ n+1 = Ω n Φ n and can be found from (72) to be:
For the special case of 6-bosons Toda system with a 0 , a 1 , a 2 , a 3 we define the spectral equation on the square-lattice as
and get λΨ n = L (6) n Ψ n with
This Lax transforms according to
One notices checking corresponding equations of motion that the Lax in (78) contains 6 independent modes:
n , B
n together with A n+1 . This would describe four-boson Lax in terms of Volterra-like variables but this time g-symmetry would be absent as the original lattice model has an odd number of site functions (a 0 , a 1 , a 2 ).
Comments
Let us briefly comment on few remaining problems which we presently find worth further investigations.
Recall, that in case of the two-boson system there was an interesting relation between the second bracket structure of the system associated with the Toda lattice and the one associated with the square-lattice. It turned namely out that the gauge transformation from the Toda to the Volterra system served as a Darboux transformation abelianizing the second bracket structure of the continuous Toda system. It would be very helpful for the future investigation of the higher bracket structures if this tendency would continue for the multiboson system. It would provide namely a convenient tool for deriving the second bracket structure for all multi-boson hierarchies.
Our results show existence of the additional Bäcklund transformation for systems defined on the square-lattice and generalizing Volterra systems to arbitrary even number of bosons. By construction the g-symmetry can be associated only to original Toda systems having even number of sites functions a 0 , a 1 , . . . , a 2k+1 . Interestingly for the odd number of a's the square-lattice system can still be defined with Lax which is gauge equivalent to the original Toda type Lax. It would be interesting to investigate how the remaining features of the generalized Volterra systems (like the bracket structures) are affected by the apparent different symmetry content present in these models.
Summarizing, we have seen how the continuum multi-boson KP hierarchy defines through the gauge/similarity symmetry the Toda lattice model. The more obvious transition from the Toda lattice to the continuum multi-boson KP hierarchy leads from the Toda lattice equations to representations of W 1+∞ via first bracket structure of the multi-boson KP hierarchy. One can ask a question whether the lattice versions of W 1+∞ can be obtained by discretization via the gauge/similarity symmetry of the continuum model.
